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Abstract
A subgroup of a group G is said to be S-quasinormal in G if it permutes with every Sylow
subgroup of G. A subgroup H of a group G is said to be S-quasinormally embedded in G if for
each prime p dividing the order of H , a Sylow p-subgroup of H is also a Sylow p-subgroup of
some S-quasinormal subgroup of G. In this paper we investigate the in2uence of S-quasinormally
embedded of some subgroups of prime power order on the structure of (nite groups. Our results
improve and extend recent results of Ballester-Bolinches and Pedraza-Aguilera (J. Pure Appl.
Algebra 127 (1998) 113). c© 2001 Elsevier Science B.V. All rights reserved.
MSC: 20D10; 20D30
1. Introduction
All groups considered in this paper will be (nite. Two subgroups H and K of a
group G are said to permute if HK = KH . It is easily seen that H and K permute
if and only if the set HK is a subgroup of G. A subgroup of a group G is said to
be S-quasinormal in G if it permutes with every Sylow subgroup of G. This concept
was introduced by Kegel in [7] and has been studied extensively by Deskins in [3].
More recently, Ballester-Bolinches and Pedraza-Aguilera [2] introduced the following
de(nition: A subgroup H of a group G is said to be S-quasinormally embedded in G if
for each prime p dividing the order of H , a Sylow p-subgroup of H is also a Sylow
p-subgroup of some S-quasinormal subgroup of G. Obviously, every S-quasinormal
subgroup is S-quasinormally embedded. The converse does not hold in general, the
symmetric group of degree three is a counterexample.
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Many authors have investigated the structure of a (nite group G under the assumption
that some subgroups of prime power order of G are well-situated in G. For example,
Srinivasan [8] proved that if the maximal subgroups of the Sylow subgroups of G are
S-quasinormal in G, then G is supersolvable. The authors [2] proved the following two
results:
Theorem 1.1. Let G be a 1nite group. If the maximal subgroups of the Sylow sub-
groups of G are S-quasinormally embedded in G; then G is supersolvable.
Theorem 1.2. Let G be a solvable group with a normal subgroup H such that G=H
is supersolvable. If the maximal subgroups of the Sylow subgroups of F(H) are
S-quasinormally embedded in G; then G is supersolvable.
The aim of this paper is to improve and extend the Theorems 1.1 and 1.2 through
the theory of formations.
Let F be a class of groups. We call F a formation provided:
(i) F contains all of homomorphic images of a group in F, and
(ii) if G=M and G=N are in F, then G=M∩N is in F for normal subgroups M; N of G.
A formation F is said to be saturated if G=(G) ∈ F implies that G ∈ F (see [6; p.
696]). Throughout this paper U will denote the class of supersolvable groups. Clearly,
U is a saturated formation.
Our notation is standard and can be found in [4].
2. Preliminaries
Lemma 2.1 (Ballester-Bolinches, Pedraza-Aguilera [2, Lemma 1]). Suppose that U is
S-quasinormally embedded in a group G; H 6 G and K a normal subgroup of G.
Then:
(a) If U 6 H; then U is S-quasinormally embedded in H.
(b) UK is S-quasinormally embedded in G and UK=K is S-quasinormally embedded
in G=K.
Lemma 2.2 (Deskins [3, Theorem 1]). If H is S-quasinormal subgroup of the group
G; then H=CoreG(H) is nilpotent; where CoreG(H) =
⋂
g∈G H
g is the largest normal
subgroup of G contained in H.
Lemma 2.3 (Kegel [7]). (a) An S-quasinormal subgroup of G is subnormal in G.
(b) If H 6 K 6 G and H is S-quasinormal in G; then H is S-quasinormal in K.
Lemma 2.4. Let H be a subgroup of G. Then the following two statements are equiv-
alent:
(a) H is S-quasinormal nilpotent subgroup of G.
(b) The Sylow subgroups of H are S-quasinormal in G.
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Proof. (a) ⇒ (b). Let P be a Sylow p-subgroup of H for some prime p. Then P is
normal in H and since H is subnormal in G, by Lemma 2.3(a), it follows that P is
subnormal in G and so P 6 Op(G). Let Gq be any Sylow q-subgroup of G for some
prime q. If p= q, then P 6 Gp as P 6 Op(G). Moreover, if p = q, P is subnormal
Hall subgroup of HGq = GqH and hence P is normal in HGq. Therefore PGq = GqP
and so the Sylow subgroups of H are S-quasinormal in G.
(b)⇒ (a). By Lemma 2.3, the Sylow subgroups of H are subnormal in H and since
the subnormal Hall subgroups are normal, it follows that H is nilpotent. Since H is
nilpotent and all its Sylow subgroups are S-quasinormal in G, it follows easily that H
is S-quasinormal in G.
Lemma 2.5. Let P be a p-subgroup of a group G; and let m(P)={P1; : : : ; Pn}; where
n¿ 2; be the set of all maximal subgroups of P. If Hi is S-quasinormal subgroup of
G such that Pi is a Sylow p-subgroup of Hi and CoreG(Hi) = 1 for each i = 1; : : : ; n;
then Pi is S-quasinormal in G for each i = 1; : : : ; n:
Proof. By Lemma 2.2, Hi is S-quasinormal nilpotent subgroup of G for each i=1; : : : ; n.
Applying Lemma 2.4, it follows easily that Pi is S-quasinormal in G for each i=1; : : : ; n.
Lemma 2.6. Let Gp be a Sylow p-subgroup of G. Then the following two statements
are equivalent:
(a) The maximal subgroups of Gp are normal in G.
(b) The maximal subgroups of Gp are S-quasinormal in G.
Proof. (a)⇒ (b). Clear.
(b) ⇒ (a). Let P1 be any maximal subgroup of Gp and let Gq be any Sylow
q-subgroup of G, where p = q. Then P1Gq is a subgroup of G as P1 is S-quasinormal
in G. By Lemma 2.3, P1 is subnormal in P1Gq. Since P1 is subnormal Hall subgroup
of P1Gq, it follows that P1 is normal in P1Gq. Hence Gq 6 NG(P1) for all Sylow
q-subgroups Gq of G, where p = q, and since Gp 6 NG(P1), we have that P1 is
normal in G.
Lemma 2.7. Let G be a group with a normal subgroup H such that the maximal
subgroups of the Sylow subgroups of H are S-quasinormally embedded in G. Then
for any nontrivial normal subgroup N of G; the maximal subgroups of the Sylow
subgroups of HN=N are S-quasinormally embedded in G=N .
Proof. Let Q=N be a Sylow subgroup of HN=N . Then there exists a Sylow subgroup P
of H such that Q=PN . Let M=N be a maximal subgroup of Q=N . Then M=N (P∩M)
and P ∩ M is a maximal subgroup of P. By hypothesis, P ∩ M is S-quasinormally
embedded in G. Hence M=N is S-quasinormally embedded in G=N by Lemma 2.1(b).
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Lemma 2.8. Let H be a normal subgroup of G such that H 6 K 6 G. If Gp is a
Sylow p-subgroup of G and P is a Sylow p-subgroup of K; then |Gp ∩H |= |P ∩H |.
Proof. Clear.
Lemma 2.9. Let P be an elementary abelian p-subgroup of G. Then the following
two statements are equivalent:
(a) The subgroups of order p in P are normal in G.
(b) The maximal subgroups of P are normal in G.
Proof. (a)⇒ (b). Clear.
(b)⇒ (a). View P as a vector space of dimension n over Fp, where Fp is the (eld
with p elements. Clearly, the subgroups of order p in P are 1-dimensional subspaces
and the maximal subgroups of P are (n − 1)-dimensional subspaces. If n = 2, then
1-dimensional and (n − 1)-dimensional subspaces coincide and the result is trivial.
Consider the case n¿ 3. Given a subgroup of order p; X = 〈x〉, then we can consider
a basis B= {x= x1; x2; : : : ; xn} of P as vector space. Denote Li the (n− 1)-dimensional
subspace generated by B\{xi}, for i=2; : : : ; n. Then it is easy to see that X =
⋂n
i=2 Li.
If the Li are normal in G, clearly the same is true for X .
Lemma 2.10 (Assad [1, Theorem 1:4]). Let F be a saturated formation containing U.
Suppose that G is a solvable group with a normal subgroup H such that G=H ∈ F.
If the maximal subgroups of the Sylow subgroups of F(H) are S-quasinormal in G;
then G ∈ F.
3. Results
We (rst prove the following main result:
Theorem 3.1. Let G be a group and let p be the smallest prime dividing |G|. Then
the following two statements are equivalent:
(a) G is p-nilpotent.
(b) The maximal subgroups of the Sylow p-subgroups of G are S-quasinormally
embedded in G.
Proof. (a)⇒ (b). Suppose that G is p-nilpotent. Then G=GpK , where Gp is a Sylow
p-subgroup of G and K is a normal Hall p′-subgroup of G. Let P1 be any maximal
subgroup of Gp. Then P1K is a subgroup of G and since |G :P1K |= p, and p is the
smallest prime dividing |G|, it follows that P1K is normal in G. In particular, P1 is
S-quasinormally embedded in G and therefore the maximal subgroups of the Sylow
p-subgroups of G are S-quasinormally embedded in G.
(b)⇒ (a). Assume that the result is false and let G be a counterexample of minimal
order. If Gp is a cyclic Sylow p-subgroup of G, then, by [5, Theorem 6:1, p. 257],
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G is p-nilpotent, a contradiction. So we may assume that Gp is not cyclic. Let
m(Gp) = {P1; : : : ; Pn}, where n ¿ 2, be the set of all maximal subgroups of Gp.
By hypothesis, Pi is S-quasinormally embedded in G (16 i 6 n). Hence there exists
an S-quasinormal subgroup Hi (16 i 6 n) of G such that Pi is a Sylow p-subgroup
of Hi. We consider the following two cases:
Case 1. CoreG(Hi) = 1 for each i = 1; : : : ; n.
By Lemma 2.5, Pi is S-quasinormal in G for each i = 1; : : : ; n. Therefore the max-
imal subgroups of Gp are S-quasinormal in G and so normal in G by Lemma 2.6.
Clearly, Gp=Pi is a cyclic Sylow p-subgroup of G=Pi of order p and therefore G=Pi
is p-nilpotent. Since G=(Gp) is isomorphic to a subgroup of the p-nilpotent group
G=P1 × · · · × G=Pn and (Gp)6 (G), it follows that G=(G) is p-nilpotent and so
also does G, by [6, Hilfssatz 6:3, p. 689], a contradiction.
Case 2. CoreG(Hi) = 1 for some i ∈ {1; : : : ; n}.
Let N be a minimal normal subgroup of G. From Lemma 2.7, we observe that the
hypothesis of the theorem is inherited by quotient groups. The minimal choice of G
implies that G=N is p-nilpotent. Since the class of p-nilpotent groups is a saturated
formation, it follows that N is the unique minimal normal subgroup of G and we
can assume that N 6 CoreG(Hi). Consider N ∩ Gp. If N ∩ Gp 6 (Gp), then N
is p-nilpotent, by [6; Satz 4:7, p. 431], and this implies that N = N ∩ Gp or N is a
p′-group as N is a minimal normal subgroup of G. Hence if N =N ∩Gp; N 6 (G)
by [6; Hilfssatz 3:3, p. 269]. Therefore G=(G) is p-nilpotent and so G is p-nilpotent,
a contradiction. Thus N is a p′-group and it follows immediately that G is p-nilpotent,
a contradiction.
We therefore may assume that N ∩ Gp  (Gp). Then there exists a maximal
subgroup Pj of Gp such that Gp = (N ∩ Gp)Pj for some j ∈ {1; : : : ; n}. Clearly,
|Gp|= |N ∩ Gp||Pj|=|N ∩ Pj|.
Hence if CoreG(Hj) = 1, N 6 CoreG(Hj) 6 Hj 6 G and so |N ∩ Gp| = |N ∩ Pj|
by Lemma 2.8, a contradiction. Thus CoreG(Hj) = 1 and so Pj is S-quasinormal by
Lemma 2.5. Hence Pj ¡ G by Lemma 2.6 and this means that N 6 Pj. Now it
follows that Gp = Pj, a contradiction.
As an immediate consequence of Theorem 3.1 and Lemma 2.1(a), we have:
Corollary 3.2. Let G be a group. If the maximal subgroups of the Sylow subgroups
of G are S-quasinormally embedded in G; then G has a Sylow tower of supersolvable
type.
We can now prove:
Theorem 3.3. Let F be a saturated formation containing U and let G be a group.
Then the following two statements are equivalent:
(a) G ∈ F.
(b) There is a normal subgroup H in G such that G=H ∈ F and the maximal
subgroups of the Sylow subgroups of H are S-quasinormally embedded in G.
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Proof. (a)⇒ (b). If G ∈ F, then (b) is true with H = 1.
(b)⇒ (a). Assume that the result is false and let G be a counterexample of minimal
order. By Corollary 3.2, H has a Sylow tower of supersolvable type. Let q be the largest
prime dividing |H | and let Q be a Sylow q-subgroup of H . Then Q is normal in H
and so it is in G. Let N be a minimal normal subgroup of G contained in Q. Clearly,
(G=N )=(H=N ) ∼= (G=H) ∈ F and the maximal subgroups of the Sylow subgroups of
H=N are S-quasinormally embedded in G=N by Lemma 2.7. Thus, by the minimality
of G, we have that G=N ∈ F. Since F is a saturated formation, it follows that N
is the unique minimal normal subgroup of G contained in Q and (Q) = 1. Clearly,
N is elementary abelian. If N is contained in every maximal subgroup of G, then
G=(G) ∈ F and hence G ∈ F, a contradiction. So there exists a maximal subgroup,
say M , of G not containing N . Hence G = NM and N ∩ M = 1. Since N 6 Q, it
follows that G=QM and Q∩M is normal in G. If Q∩M = 1, then N 6 Q∩M 6 M
in contradiction to the choice of M . Hence Q ∩M = 1 and so Q = N . Consequently,
Q is an elementary abelian unique minimal normal subgroup of G and the maximal
subgroups of Q are S-quasinormally embedded in G. Let m(Q) = {Q1; : : : ; Qn} be the
set of all maximal subgroups of Q. Then there exists a subgroup Hi (16 i 6 n) of G
such that Hi is S-quasinormal in G and Qi is a Sylow q-subgroup of Hi. We consider
the following two cases:
Case 1. CoreG(Hi) = 1 for each i = 1; : : : ; n.
By Lemma 2.5, each Qi is S-quasinormal in G. Let Gp be an arbitrary Sylow
subgroup of G such that (|Gp|; q) = 1 and consider the subgroup QGp. Then, by
Lemma 2.3(b), each Qi is S-quasinormal in QGp and so normal in QGp by Lemma
2.6. Since Q is elementary abelian, it follows, by Lemma 2.9, that the subgroups of
order q in Q are normal in QGp. Let Gq be a Sylow q-subgroup of G. Since Q is
normal in Gq, it follows that Q∩Z(Gq) = 1. Let L be subgroup of Q∩Z(Gq) of order
q. Then L is normal in Gq and, since L is normal in QGp for any Sylow subgroup Gp
of G with (|Gp|; q)=1, it follows that L is normal in G. Since Q is a minimal normal
subgroup of G, it follows that L=Q is a cyclic group of order q. Now we show that
Q= CG(Q). Certainly Q 6 CG(Q). If Q = CG(Q), then CG(Q) =Q(CG(Q) ∩M) and
1 = CG(Q)∩M is normal in QM =G. So CG(Q) contains a minimal normal subgroup
of G diIerent from Q and this is a contradiction as Q is the unique minimal normal
subgroup of G. Therefore Q = CG(Q). Since Aut(Q) is a cyclic group of order q− 1
and M ∼= G=Q = G=CG(Q) ∼⊂Aut(Q), we have that G ∈ U ⊆ F, a contradiction.
Case 2. CoreG(Hi) = 1 for some i ∈ {1; : : : ; n}.
In this case we can assume that Q 6 Hi as Q is the unique minimal normal subgroup
of G. But Qi is a Sylow q-subgroup of Hi, then Q  Hi, a contradiction.
As a corollary of Lemma 2.10, we have:
Corollary 3.4. Let F be a saturated formation containing U and let G be a solvable
group. Then the following two statements are equivalent:
(a) G ∈ F.
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(b) There is a normal subgroup H in G such that G=H ∈ F and the maximal
subgroups of the Sylow subgroups of F(H) are S-quasinormally embedded in G.
Proof. (a)⇒ (b). If G ∈ F, then (b) is true with H = 1.
(b) ⇒ (a). Let Q be a Sylow q-subgroup of F(H), for some prime q, and let
m(Q)={Q1; : : : ; Qn} be the set of all maximal subgroups of Q. Since Q is normal in G,
it follows that Qi (16 i 6 n) is subnormal in G and so Qi 6 Oq(G). Also, by hypoth-
esis, each Qi is S-quasinormally embedded in G. Then there exists an S-quasinormal
subgroup Hi (16 i 6 n) of G such that Qi is a Sylow q-subgroup of Hi. Let Gp be
a Sylow p-subgroup of G for some prime p. If q=p, then Qi 6 Gq as Qi 6 Oq(G).
Assume that q = p. Then Qi is a subnormal Hall subgroup of HiGp=GpHi and hence
Qi is normal in HiGp. Therefore QiGp=GpQi and so Qi is S-quasinormal in G. Thus
the maximal subgroups of Q are S-quasinormal in G. Applying Lemma 2.10, G ∈ F.
Remarks. (a) Since the class of supersolvable groups U is a saturated formation, it
follows that Srinivasan’s result and Theorems 1.1 and 1.2 are immediate consequence
of Theorem 3.3 and Corollary 3.4.
(b) Theorem 3.3 and Corollary 3.4 are not true for non-saturated formation. To see
this, let F be the formation composed of all groups G such that GU, the supersolvable
residual, is elementary abelian. It is clear that U ⊆ F but F is not saturated. Set
G = SL(2; 3) and H = Z(G). Then G=H is isomorphic to the alternating group of
degree four and so G=H ∈ F, but G does not belong to F.
(c) Theorem 3.3 and Corollary 3.4 are not true for saturated formations which do
not contain U. For example, if F is the saturated formation of all nilpotent groups,
then the symmetric group of degree three is a counterexample.
(d) Corollary 3.4 is not true if we omit the solvability of G. Consider G = H × K
where H = SL(2; 5) and K ∈ U. Then F(H) is a cyclic group of order 2 and G=H ∼=
K ∈ U, but G does not belong to U.
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